
Jackson 5.6

By Ampere’s Law, the magnetic field inside a cylindrical conductor carrying
current density J is given by

~Bcyl =
µ0J(πr2)

2πr
θ̂ =

µ0Jr

2
θ̂

We can consider the geometry in the problem as the superposition of two
current-carrying conductors: one with outer radius a carrying current density
J , and another of radius b centered at ~d carrying current density −J (see
figure). Therefore,

~Btot = ~Bcyl − ~Bhole =
µ0Jr

′

2
θ̂ − µ0Jr

′

2
θ̂′ =

µ0J

2
(rθ̂ − r′θ̂′).

Using θ̂ = r̂ × ẑ, we get

~Btot =
µ0J

2
[(rr̂ × ẑ)− (r′r̂′ × ẑ)] =

µ0J

2
[(~r − ~r′)× ẑ] =

µ0J

2
(~d× ẑ).

Thus the field inside the hole is constant.

Jackson 5.10

~J = Iδ(z)δ(ρ− a)φ̂
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For parts (a) and (b), keep in mind that

~A(~x) =
µ0

4π

∫ ~J(~x′)

|~x− ~x′|
d3~x′

We just use different expansions for |~x− ~x′|−1 below.

5.10(a)

Use Eq. (3.143),

1

|~x− ~x′|
=

2

π

∞∑
m=−∞

∫ ∞
0

dk e−im(φ−φ′) cos k(z − z′)Im(kρ<)Km(kρ)

We insert this above:

~A(~x) =
µ0

4π

∫
d3~x′ ~J(~x′)

[
2

π

∞∑
m=−∞

∫ ∞
0

dk e−im(φ−φ′) cos k(z − z′)Im(kρ<)Km(kρ)

]
(1)

and perform the integrations (see below for details) to get the expression in
the book.

5.10(b)

Using the expansion in prob 5.9,

1

|~x− ~x′|
=

∞∑
m=−∞

∫ ∞
0

dk eim(φ−φ′)Jm(kρ)Jm(kρ′)e−k(z>−z<)

= 2
∞∑
m=1

∫ ∞
0

dk cosm(φ− φ′)Jm(kρ)Jm(kρ′)e−k(z>−z<) + (m = 0)

Thus we insert into the expression for ~A (without m = 0 term) above:

~A(~x) =
µ0

4π

∫
d3~x′ ~J(~x′)

[
2
∞∑
m=1

∫ ∞
0

dk cosm(φ− φ′)Jm(kρ)Jm(kρ′)e−k(z>−z<)

]
=

µ0I

2π

∞∑
m=1

∫ ∞
0

dk

∫ ∞
0

dρ′ Jm(kρ)Jm(kρ′)δ(ρ− a)

×
∫ ∞
−∞

dz′ e−k|z−z
′|δ(z′)

∫ 2π

0

dρ′ cosm(φ− φ′)φ̂
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Considering φ̂ = cosφî + sinφĵ, we use the orthogonality of trigonometric
functions to select only the m = 1 term in the sum. Therefore, performing
all the integrations, we get the final answer

~A(~x) =
µ0Ia

2

∫ ∞
0

dkJ1(kρ)J1(ka)e−k|z|φ̂

5.10(c)

Bz =
1

ρ

∂

∂ρ
(ρAφ) =

∂Aφ
∂ρ

+
1

ρ
Aφ

Using the expansion in (a),

Bz =
µ0Ia

π

∫ ∞
0

dk cos(kz)

[
∂

∂ρ
+

1

ρ

]
(I1(kρ<)K1(kρ>))

On the z-axis, ρ< = 0 and ρ> = a,

Bz = lim
ρ→0

µ0Ia

π

∫ ∞
0

dk cos(kz)

[
∂

∂ρ
+

1

ρ

]
(I1(kρ)K1(ka))

=
µ0Ia

π

∫ ∞
0

dk cos(kz)K1(ka)

=
µ0Ia

2

2(a2 + z2)3/2

Jackson 5.19

We use the scalar potential since there is no free current. Additionally,
ρm = ∇ · ~M = 0, so we are only concerned with the surface:

φM(z) =
1

4π

∮
S

n̂ · ~M
|~x− ~x′|

dS.

n̂ · ~M = ±M0 on the top and bottom of the cylinder, respectively, and zero
elsewhere. Considering the bottom rests on z = 0 and the top is at z = L,
we perform the integral on the caps:

φM(z) =
1

4π

∫ a

0

M0√
ρ2 + (z − L)2

− M0√
ρ2 + z2

2πρ dρ

=
M0

2

[√
a2 + (z − L)2 −

√
a2 + z2 − |z| − |z − L|

]
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~H = −∇φM = − ∂

∂z
φM(z)ẑ

=


−M0

2

[
z−L√

a2+(z−L)2
− z√

a2+z2

]
ẑ z inside cylinder

−M0

2

[
z−L√

a2+(z−L)2
− z√

a2+z2
− 2

]
ẑ z outside cylinder

~B = µ0( ~H + ~M) =
M0µ0

2

[
− z − L√

a2 + (z − L)2
+

z√
a2 + z2

]
ẑ

for all z.

Jackson 5.29

For a perfect conductor, both ~E and ~B vanish in the interior. Thus we
have only surface charges and densities, and the associated potentials (Φ
and Az) are constant in the interiors. (We note that there is only an Az
component because there is no transverse current on the conductor’s surface.)
The potentials satisfy Poisson’s equation on the surface:

∇2Φ = −ρ/ε
∇2Az = −Kzµ

and Laplace’s equation on the interior and the interstices. We then calculate
the electro- and magnetostatic energy stored in the fields (per unit length):

WE = 1/2

∫
ρφ d3x = Q(V1 − V2)/2 = Q2/2C

WM = 1/2

∫
~J · ~Ad3x = I(A1 − A2)/2 = LI2/2

where the V ’s and A’s above are the constant values of Φ and Az on surfaces
1 and 2. Since Az and Φ satisfy the same differential equation with the same
boundary conditions up to a constant,

A1 − A2

µI/a
=
V1 − V2

Q/aε

Thus

LC =
(A1 − A2)/I

(V1 − V2)/Q
= µε.
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